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a b s t r a c t
The present work proposes a Bayesian method to combine theoretical fission yields with a set of reference data. These two sources of information are merged using a Monte Carlo process, and leads to a
so-called Bayesian Monte Carlo update. Examples are presented for the independent fission yields of four
major actinides, using the GEF code as a source of theoretical calculations and an evaluated library of fission yields for the reference data. The impact of the updated fission yields and their covariances is shown
for two distinct applications: a UO2 pincell with burn-up up to 40 GWD/tHM and decay heat calculations
of a thermal neutron pulse on 235U and 239Pu.
! 2016 Elsevier Ltd. All rights reserved.

1. Introduction
The evaluation of observables from neutron-induced reactions
(also sometimes called nuclear data) is facing a new demand from
the user community: together with reliable data, high quality
covariance information are nowadays required. There is therefore
an increased amount of effort in the nuclear data community to
provide different methodologies for such evaluations with their
covariances (or for the covariances alone). One convenient solution
to provide complete evaluations is to rely on existing reaction theories and their associated implementations in existing codes. All
modern nuclear data libraries (JEFF-3.2 (JEFF-3.2, 2014), ENDF/BVII.1 (Chadwick, 2011) and (England et al., 1994) for the work on
fission yields, JENDL-4.0 (Shibata, 2011) or TENDL (Koning and
Rochman, 2012)) depend on such calculation procedures at least
for the non-measured data. To cite only two of these reliable and
extensively-used reaction codes, TALYS (Koning and Rochman,
2012) and EMPIRE (Herman, 2007) have demonstrated their capabilities in many evaluation work.
One domain which was partially left outside the computerassisted calculations is the evaluation of fission yields. The main
reason is that it is very challenging to reproduce experimental
independent fission yields with the current fission theory, without
adjusting model parameters to a great extent. One exception is the
Wahl’s systematics (Wahl, 2002), which was successfully used in
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many neutron-induced evaluations. This important work is still
different from a theoretical approach. From the evaluation point
of view, high quality fission yield estimations are anyhow available
and were produced in different countries, as for instance in the JEFF
library (see the work presented in Kellet et al. (2009)). These estimations, obtained from methods developed in the 1990s (Mills,
1995), did not have their emphasis on producing complete covariance matrices, for the simple practical reason that it was not
required by the evaluation format (Trkov et al., 2012). Following
the rules defined by this format, only two quantities are required
for each fission fragment: the nominal value and its uncertainty,
and this for the independent and cumulative yields. Therefore,
for many decades, fission yields were evaluated based on a careful
analysis of experimental data, and reported as a best estimate
value with its uncertainty. Similarly for the ENDF/B-VII library
and other specific libraries, the careful evaluation of fission yields
(see for instance the detailed works reported in Laurec (2010),
Selby (2010)) has lead to uncertainties but not to covariance
matrices.
To add to the existing difficulty to produce fission yield covariances, fission yield measurements were historically reported without experimental covariance information, as it can be verified in
the EXFOR database (Otuka, 2014). Therefore, a large amount of
analysis work is necessary to produce high-quality covariance
information based on experimental data, and possibly new measurements will have to be performed.
As a very encouraging development in recent years, the availability of the GEF code has opened some new possibilities for the
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calculations of covariance matrices (Schmidt et al., 2014; Schmidt
et al., 2016). The GEF code allows to calculate among other quantities independent fission yields, which are globally in good agreements with current evaluations and selected experimental data.
GEF is based on physical models and its parameters are adjusted
to reproduce such data (one single set of parameters for all considered fissioning systems). Based on the new opportunities offered
by this code, we propose in this work to combine the capabilities
of GEF with a Bayesian Monte Carlo procedure, as originally presented in Koning (2015) for cross section evaluations (one of the
first paper on Bayesian method for nuclear data evaluations was
first presented in Capote et al. (2012)). This method allows to integrate results from a model with experimental or reference data. If
the reference data is an evaluated library, the advantage is double:
(1) produce sets of covariance matrices for such library, and (2)
these covariances (possibly in the form of probability density functions) can be used for uncertainty propagation and quantification.
In the case of experimental data, similar advantages exist, but are
less relevant for the uncertainty propagation based on evaluated
libraries, as often performed in the nuclear industry. This method
and its application to the fission yields of four systems (thermalneutron induced fission of 235U, 239,241Pu and the fast-neutron
induced fission of 238U) will be presented in the following. The
impacts of such original and updated independent fission yields
will be assessed using burn-up calculations of a simple PWR pincell
as well as decay heat benchmarks.
2. Latest developments
Recently, to overcome the lack of evaluated covariance information for the fission yields, different computational methods were
applied to generate independent and cumulative fission yields
together with covariance matrices. In the following, schematic
overviews of the existing methods are given, helping to recognize
the different ongoing efforts. It is nevertheless necessary to realize
that no fission yield covariance matrices are yet included in the different libraries, because the format does not exist and because
there is not yet a consensus on the method(s) to be used. This lack
of data leads the library users, wanting to derive uncertainties on
reactor or other applied-system quantities, to generate in-house
solutions.
! CEA method: At the CEA Cadarache, a method is under development to combine the Brosa model or the Wahl’s systematics for
the distribution of fission fragments before neutron emission
with the saw-tooth curve, representing the number of emitted
neutrons as a function of fragment masses. Normalization to
evaluated fission yields is performed during the process. More
details can be found in Terranova (2015).
! SCK/UPM method: At the SCK Mol, Belgium and the UPM
University, Spain, a method is developed coupling the GEF code
with a Bayesian/general least-squares method to mathematically include experimental (or evaluated) information, see
Fiorito (2014).
! ORNL methods: At the Oak Ridge National Laboratory (ORNL),
two methods are considered: (1) the Wahl’s systematics and
its parameters are used to generate random yields (based on
random parameters) and covariances are extracted; (2) a Bayesian approach based on constraints from the mass yields, the
conservation of the mass and charge number (Pigni et al.,
2013).
! PSI methods: At PSI, efforts are underway to produce fission
yield covariances to be used with the lattice code CASMO. A
set of constrains (yield sum, mass & charge conservation) is
applied to generate fission yield covariance matrices. Details
of the method can be found in Leray et al. (2016).

! Additional efforts are focusing on better theoretical description
of the fission process. Many observables (such as fission yields)
can be extracted from such models, see for instance the effort at
the Uppsala University to combine the GEF and TALYS codes
(Pomp, 2015), and the FIFRELIN development at the CEA
(Litaize, 2005; Litaize et al., 2015). Once these efforts lead to
reasonable fission yields, Monte Carlo and data assimilation
methods could be used to derive fission yield covariances.
As presented with this short overview, different institutes, both
applied in reactor physics and specialized in nuclear data evaluation, are using current models and least-squares or Bayesian methods to produce evaluated covariance matrices for fission yields.
One of the global characteristics of these efforts is the tendency
to avoid re-analyzing experimental data because of the important
implications in terms of efforts and time.
3. Proposed approach: Bayesian Monte Carlo
The proposed method in this paper is similar to the other ones
with regards to this aspect. But it follows a specific approach
already applied a few times by the authors of this paper for cross
section evaluations: using similar methods for the analysis of the
theoretical calculations and of the experimental (or reference)
information, namely a Monte Carlo principle (see for instance
Koning (2015), Rochman et al. (2014)). Both theoretical calculations and reference data are considered as probability density functions and can therefore be sampled and combined using Monte
Carlo principles. This brings similarity and symmetry in the treatment of these two types of data.
The combination of sources of information using a method
called ‘‘Bayesian Monte Carlo” (BMC) is described in Koning
(2015). Other efficient methods were proposed as the Unified
Monte Carlo (Smith et al., 2007; Smith, 2008), Backward-Forward
Monte Carlo (Bauge and Dossantos-Uzarralde, 2011; Bauge,
2014). BMC is an extension on the Total Monte Carlo (TMC)
approach (Koning and Rochman, 2008), to bring the experimental
information back to the original parameter distributions of a given
model. The steps proposed in the Bayesian Monte Carlo are presented in the next sections.
The succinct description is as follows:
(1) select models and parameter distributions,
(2) produce a set of random calculated quantities by sampling
the parameter distributions,
(3) compare theoretical calculations and selected reference
data, for instance with the v2 quantity,
(4) use weights to update the parameter distributions,
(5) sample again to produce new calculated quantities based on
the new parameter distributions,
(6) repeat (3) to (5) until convergence of the parameter
distributions.
Some details for the above steps are described below. It can be
noticed that in Koning (2015), the convergence of the parameters
is not undertaken. In the following, a total number of 25 iterations
is used for 235U and 239Pu (repeating points 3 to 5 in the above
description). Some figures may present less iterations for clarity.
3.1. Starting point: models and their parameters
In the TMC method, a given theoretical model with its input
parameters (for calculations of basic quantities) are considered as
a starting point of the calculation chain. This model might not be
perfect, but it must represent reasonably well some calculated
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Table 1
List of the 21 most relevant parameters with their uncertainties considered in this work for the
(2014, Table 7). For more details, see Schmidt et al. (2014).

235,238

U and

239,241

Pu targets. The original table can be found in Schmidt et al.

Parameters

GEF name

Short name in
this paper

Uncertainty
(1r)

Position of the shell for the S1 channel
Position of the shell for the S2 channel
Position of the shell for the S3 channel
Position of the shell at Z " 42
Shell effect for the S1 channel
Shell effect for the S2 channel
Shell effect for the S3 channel
Shell at Z " 42
Rectangular contribution to the width of S2 channel
Shell effect at mass symmetry
Curvature of shell for the S1 channel
Curvature of shell for the S2 channel
Curvature of shell for the S3 channel
Curvature of shell at Z " 42
Weakening of the S1 shell with 82=50 # N =rmCN =Z CN
ð!
hxÞeff for tunneling of the S1 channel
ð!
hxÞeff for tunneling of the S2 channel
ð!
hxÞeff for tunneling of the S3 channel
ð!
hxÞeff for tunneling at Z " 42
Width of the fragment distribution in N=Z
Charge polarization

P_DZ_Mean_S1
P_DZ_Mean_S2
P_DZ_Mean_S3
P_DZ_Mean_S4
P_Shell_S1
P_Shell_S2
P_Shell_S3
P_Shell_S4
P_A_Width_S2
Delta_S0
P_Z_Curv_S1
P_Z_Curv_S2
P_Z_Curv_S3
P_Z_Curv_S4
T_low_SL
T_low_S1
T_low_S2
T_low_S3
T_low_S4
HOMPOL
POLARadd

P1
P2
P3
P4
P5
P6
P7
P8
P9
P10
P11
P12
P13
P14
P15
P16
P17
P18
P19
P20
P21

0.1 Z units
0.13 Z units
0.1 Z units
0.12 Z units
0.2 MeV
0.37 MeV
0.57 MeV
0.12 MeV
0.05 mass units
0.1 MeV
5%
5%
5%
5%
10%
3%
3%
3%
3%
10%
0.1 Z units

quantities, such as cross sections. For the model parameters, a best
estimate set of values is first defined, based on possible manual
adjustments using a selection of experimental data. In the present
case, the model parameters are provided with the GEF code. With
this set of best parameters, their probability distributions need to
be selected. In Koning (2015), they are defined as independent
and uniform, with averages equal to the best parameters and standard deviations intentionally large so that random sets of parameters will produce random cross sections covering experimental
information. In Bauge and Dossantos-Uzarralde (2011), Bauge
(2014), similar choices are used, but with standard deviation just
covering the experimental data. In Smith et al. (2007), Smith
(2008), it is recommended to use expert’s judgment, based on
the considered models and parameters (in the few mathematical
examples given in these references, independent and uniform distributions are considered). Finally, in the TMC approach, independent and Normal distributions are used, centered on the bestestimate parameters, with standard deviations allowing the calculated random cross sections to cover one experimental standard
deviation. Examples of such distributions are given in Koning and
Rochman (2012, Table 3).
Regarding the present application and the calculation of independent fission yields, the GEF code (Schmidt et al., 2014;
Schmidt et al., 2016) is considered as the starting point. It includes
a selection of best-estimate model parameters, simplified theoretical models to describe fission without microscopic calculations; it
is therefore rather fast to run and applicable for TMC and BMC.
Details of GEF are not repeated here and can be found for instance
in Schmidt et al. (2014), Kern et al. (2014). GEF uses about 50
parameters that have been adjusted to fit a large number of systems. Their probability distributions are considered normal, independent and with standard deviations defined in Schmidt et al.
(2014). A list of the 21 most-important parameters is considered
in this work, as obtained from Schmidt et al. (2014, Table 7), and
is presented in Table 1. Therefore some parameters are not varied
in this work. The variations of these parameters, according to
Schmidt et al. (2014) are not significant; the same approach is followed in Koning (2015) where some non-relevant parameters are
not varied. A noticeable difference with the approach proposed in
Koning (2015) concerns the choice of the prior. In Koning (2015),

the standard deviations for the parameters of interest are artificially increased, in order to cover a wide phase space. This is justified as TALYS contains many models to calculate different nuclear
data quantities. Additionally, the reference data chosen in Koning
(2015) are relatively largely spread (e.g. many independent experimental data). In the proposed work, the standard deviations and
the nominal parameters are not modified from Schmidt et al.
(2014). A preliminary sensitivity study was performed with
slightly different nominal values and larger standard deviations,
compared to Schmidt et al. (2014). Certainly because (1) the reference data are unique (contrary compared to Koning (2015) where
many measured cross sections exist for the same reaction and
energy), and (2) GEF is used to calculated solely fission yields (even
if it produces other quantities like emitted neutrons and spectra,
which were not considered in this work), the sensitivity study
show that the convergence was slower with these large standard
deviations, but the final results were not significantly modified.
3.2. Reference data
In this BMC approach, the calculated quantities (in this work,
the independent fission yields) are compared with a selection of
reference values. The EXFOR database is an important source of
raw information, and many fission yields can be found. The use
of EXFOR would nevertheless imply some efforts in order to select
and analyze these data. As shown later, the comparison between
the reference and calculated data necessitates the knowledge on
the covariance information for the reference data. The estimation
of the covariances for the reference data (in the case of the EXFOR
database, experimental fission yields) is a long and tedious work,
and is beyond the goal of this paper. It is not yet included in EXFOR,
and efforts to produce ‘‘default and automated” covariance information if none are available (as in the case of cross sections, proposed in Helgesson (2015)) is not yet achieved for fission yields.
An alternative solution is to replace the experimental fission
yields by the existing evaluations as in the JEFF or ENDF/B-VII.1
libraries. This approach, which differs from Koning (2015), presents the advantage of bypassing the selection of reference data,
making use of the previous work of the fission yield community.
Actually evaluators of fission yields went through the process of
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analyzing experimental data and producing best estimates for
given yields and their uncertainties. It is therefore justified to start
from their considerable work. A similar approach is used for the
calculation of cross sections in the TENDL library, where evaluators
preferred to normalize their results to other evaluations instead of
EXFOR (see Koning and Rochman (2012, Section V.A.2)). Still, the
use of evaluated libraries as reference data does not elude the need
of reference covariance information. Up to now, no correlation
information is included in the evaluated libraries. There is indeed
an effort to produce full covariance sets by the evaluator community, but no consensus is yet achieved. One of the reasons is that
the proposed solution (including this work) are not fully satisfactory from the theoretical point of view: there is still a separation
between the evaluations of the nominal values and their covariances. Therefore, no correlation between fission yields will be considered in the following for the reference data; the evaluated
ENDF/B-VII.1 independent fission yields and their uncertainties
will be used as such.
3.3. Goodness-of-fit estimator and weights
In order to compare the large amount of data produced, it is
useful to define a single quantity which represents the global
‘‘quality” of a random calculated set relatively to the reference
data. Many choices are possible, as defined in Konobeyev et al.
(2011) for model comparisons, and in this work we select the traditional v2 quantity as defined in Eq. (1).
2
i

v ¼

ðiÞ
FY
X
C j # Ej

DE j

j¼1

!2

ð1Þ
2

where i is the calculation index (i refers to a specific random set of
model parameters), the sum is performed over a selection of fission
ðiÞ

yields (from 1 to FY, with FY is about 60), C j is the calculated independent fission yield for the fission fragment j and the model
parameter set i; Ej is the reference independent fission yield for
the fission fragment j and DEj its uncertainty. An important approximation embedded in Eq. (1) is the assumption of uncorrelated reference data. A more general v2 definition including correlated data
can be found for instance in Koning (2015, Eq. (25)). As mentioned
in Section 3.2, the reference data coming from the ENDF/B-VII.1
evaluation do not include correlation between fission yields, which
make the use of Eq. (1) possible.
The next definition after the goodness-of-fit estimator v2 concerns the weights derived from v2 . Different definitions are again
available. The first choice is a weight proportional to the likelihood
function expð#v2 =2Þ. One of the drawback of this definition is the
extreme difference in weights between random calculations, leading to extremely peaked and narrow weight distributions if the
model parameters do not correctly reproduce the reference data.
Other solutions for the weighting have also been proposed, e.g.
in Bauge (2014). In this work, we prefer to follow the definition
given in Koning (2015), Capote et al. (2012):
2

xi ¼

e#vi =2
e

#v2min =2

2

Fig. 1. Examples of distributions of un-normalized weights (not divided by e#vmin =2 )
for 235U+nth for the different iterations. Top: histograms and Bottom: scattered
weight values.

ð2Þ

allowing a normalization of the weights, still fully following the
expression derived from the likelihood function. In Eq. (2), v2i is
defined in Eq. (1) and v2min is the minimum v2 obtained among
the set of random fission yield calculations (with i ¼ 1 . . . FY).
Once the definition of weights is given and a selection of reference fission yields is done, the weights xi can be calculated. An
example of the obtained weights before their normalization with

e#vmin =2 is presented in Fig. 1, labeled ‘‘Original GEF” (the reference
fission yields for this example are presented later in Section 4).
For this example, the reference data are taken from the ENDF/BVII.1 library. Depending on the original agreement of the GEF code
with the references, random weights, based on random GEF
parameters, follow specific distributions. Such distributions can
have different shapes, as shown in Rochman and Koning (2011),
Rochman and Koning (2012), Rochman and Koning (2012), where
highly peaked (with and without tail in low weights) or lognormal shapes were found. In the present example, the weights
from the original GEF parameters represent a limited agreement
between the two set of data, characteristics by the high tail at
low weights in Fig. 1 (higher weights correspond to better agreement). As we will show in the following, by iterating the GEF
parameter updates, better agreement will be found.

3.4. Feedback to model parameter distributions
The method described in the previous section allows to obtain a
set of weights based on the comparison between the calculated
and the evaluated fission yields. As the calculated fission yields
were obtained from random sets of parameters, one can assign
these weights to the sets of parameters and obtain updated parameter distributions. By doing that, new (updated) probability distributions are obtained for each of the 21 parameters, with (possibly)
different averages and standard deviations compared to the original distributions. The new distributions might not be Gaussian
anymore, with possible skewness and kurtosis different than 0.
Also, correlations between these parameters can be obtained.
In this work, the following approximations are considered to
simplify the sampling: (1) updated parameter distributions are still
considered Gaussian, and (2) updated parameter distributions are
considered independent. In the case of 235U, it was observed that
the skewnesses of the parameter distributions were relatively
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feature of deformed shells obtained from shell-model calculations
(see Schmidt et al. (2014) for more details).
After a number of iterations, the GEF parameters have new and
specific probability density functions. They integrate both the original information (obtained from prior GEF adjustments) and the
reference data. In the following, specific examples will be given
for four important fissioning systems, showing the impact of such
methods for practical applications.
4. Application
4.1.
Fig. 2. Example for the parameter P9 being updated for
and the standard deviations are modified.

235

Uþnth . Both the average

weak (less than 0.15) and that the correlations between these
parameters were also negligible. It is nevertheless two approximations, which can not easily be removed together. In this case, the
correct sampling becomes difficult and uses methods which are
usually not applied in the nuclear field (see Aueswald and
Moshagen (2015) for details). This process can be repeated a few
times until convergence of the averages and standard deviations,
which happens in less than 20 iterations. An example of the
obtained weights for successive iterations are presented in Figs. 1
and 2 for 235Uþnth . The shape of the weight distributions is changing from one iteration to the next, moving towards higher values,
indicating a better agreement between the calculated fission yields
and the reference values. Fig. 3 presents the convergence of the
average v2 parameter as well as some parameter standard deviations as a function of the iteration number for the thermal neutron
induced fission of 239Pu. The parameter v2 is defined as the average
sum of all the v2i for a specific parameter iteration (i is the number
of random runs for one iteration, with i ’ 1000). The convergence
of this parameter is more convenient to study than the individual
parameters of Table 1: the 21 individual parameters and their standard deviations can either increase or decrease and a global understanding is therefore difficult to obtain. The convergence of v2
represents how the GEF code and its updated parameter distributions can reproduce the reference data as a function of the iteration
number. For each iteration, a new set of weights is obtained, as
presented in Fig. 1 for four successive iterations. Among the 21
parameters considered, only a few will sufficiently impact the fission yields and their uncertainties, among which the rectangular
contribution to the width of the S2 channel (P_A_Width_S2, called
P9) and the charge polarization (POLARRadd). The P_A_Width_S2
parameter modifies the shape of the potential of the mass asymmetry distortions, using a rectangular parametrization instead of
a Gaussian. This kind of shape is consistent with the general

235,238

U and

239,241

Pu isotopes

The proposed method is applied for specific isotopes for which
reference data can be found. In principle, there are evaluated independent fission yields for a large number of fissioning systems: different masses and nuclear charges, but also at different neutron
energies (we restrict ourselves to neutron-induced fission). The
Bayesian update will be noticeable if the reference data are either
different compared to the calculated ones, or if the evaluated
uncertainties are also different than the calculated ones (larger or
smaller). In the following, we will focus on four fissioning systems:
thermal-neutron induced fission of 235U and 239,241Pu, and
0.5 MeV-neutron induced fission of 238U. This choice is related to
the impact these isotopes have on reactor applications due to their
fission rates (see for instance Leray et al. (2016)).
For these isotopes, some evaluated independent fission yields
from the ENDF/B-VII.1 library are selected, but the same method
can be applied with the JEFF library. All independent fission yields
higher than 1% are used in this study (67 for 235U, 69 for 239Pu, 73
for 238U and 73 for 241Pu). In the case of 235U and 239Pu, the considered isotopes are:
91#94
92#97
Kr,
Rb,
Sr,
101,103
103,104
131#133
Y,
Zr,
Nb,
Mo,
Sb,
132,133,133m,134-136
Te, 135,136,136m,137,138I, 136#141Xe, 139#143Cs,
141#145
144,145
Ba,
La and 148Ce,
91#93
92#96
239
89;90
!
Pu þ nth :
Kr,
Rb,
Sr,
95,96m,97,97m,98,98m,99 97#102
101,102,102m,103
102#106
Y,
Zr,
Nb,
Mo,
105#107
108
131#133
132#133;133m;134;135
Tc,
Ru,
Sb,
Te,
136#140
139#142
134;134m;135;136;136m;137;138
I,
Xe,
Cs, 140#144Ba, 144,145La
and 146,147Ce.

!

235

U þ nth : 87;88 Br,
95,96m,97,97m,98,98m,99

88#92

97#102

An example of the differences between the original fission yields
and the final updated ones is presented in Fig. 4 for the thermal fission of 235U. Both the fission yields and the uncertainties (standard
deviations) are compared. The x-axis is an index for the fission
products, from the lightest to the heaviest. The fission yields as
originally calculated by GEF are globally in good agreement with
the reference data, but their uncertainties are significantly larger.

Fig. 3. Convergence as a function of the iteration number for a selection of parameters for 239Pu. Left: GEF standard deviations of some parameters; Right: average v2 value.

130

D. Rochman et al. / Annals of Nuclear Energy 95 (2016) 125–134

Fig. 4. Comparison between the independent fission yields for 235U(nth) of GEF and the reference (ENDF/B-VII.1). Left: yields and Right: standard deviations. The fission yields
for the presented isotopes are higher than 1%.

By updating the GEF parameters for 235U with the described
method, the new fission yields are not systematically changed,
but their uncertainties are strongly reduced. This reduction is
almost systematic for the presented yields. The new fission yield
uncertainties are closer to the reference values, although the ratios
of the uncertainties are rather small in some cases. From Fig. 4, four

isotopes present such low uncertainty ratios: 95Y, 98,100Zr and
Xe. For these four isotopes, the quoted uncertainties in the reference library are relatively high (from 32 to 45%), and the updated
uncertainties are between 2 and 4%, as for many other isotopes.
Therefore the low uncertainty ratios originate from the high reference uncertainties.

136

Fig. 5. Correlation matrices for the fission fragments for (from top to bottom) 235U, 239Pu and 238U. Only half of the symmetric matrices are presented. On the left are the
correlations from the original GEF parameters, and on the right the ones from the updated GEF parameters. Correlations are presented in percent (from #100% to +100%).

D. Rochman et al. / Annals of Nuclear Energy 95 (2016) 125–134

The case of 235U is particular since the reference fission yields
are believed to be one of the best-known set. Other isotopes such
as 241Pu do not have their fission yields known as well as for
235
U. Therefore, the impact of the updating procedure can be of
smaller relevance, but the advantage of the proposed method,
namely providing covariance or correlation matrices, is still valid.
As mentioned, the proposed Bayesian procedure also modifies
the correlations between the fission yields, even if we considered
the reference yields as independent. These correlations between
fission yields are presented in Fig. 5 for three of the four studied
actinides. The fission yields are ordered by set of fission products
in increasing masses, and by complementary couples (the nuclear
charges of the two fragments sum to the nuclear charge of the fissioning system). For instance in the case of 235U, the plotted isotopes are all Ge, followed by Nd (presented in Fig. 5 by Ge/Nd,
meaning all Ge isotopes followed by all Nd isotopes), then As/Pr,
Se/Ce, Br/La,. . .up to Tc/In. In total the correlation between about
250 fission yields are presented.
A common feature for both 235U and 239Pu is the weakening of
the strong correlations after the Bayesian updating (this effect is
less present for 238U). This phenomena is well known from the
evaluation of cross sections and other nuclear data quantities, as
indicated in many references (see for instance Rochman et al.
(2014), Rochman et al. (2007)). To illustrate this effect, Fig. 6 is
showing the correlation matrix in the vicinity of Ba and Rb in the
case of 235U.
From the original GEF calculations, strong correlation and anticorrelation patterns are visible. For Ba, masses lower than 144 are
correlated together and masses higher than 144 are also (anti-)
correlated together. Similar effects can be seen for Rb and mass
93. Because of their complementary role, Ba and Rb are also anticorrelated. This is indicated by the anti-correlation between Ba
(e.g. masses less than 144) and Rb (masses less than 93). At the
bottom of Fig. 6 are presented the first 100 random independent
yields for the Rb and Ba isotopes. The colors indicate the set of
yields with low and high values at the average mass for Ba (144)
and are kept the same for the corresponding Rb yields. It is another
representation of the correlations and anti-correlations between
complementary yields.

Fig. 6. Top: zoom of Fig. 5 in the case of

235
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After the parameter updates, the calculated fission yields tend
to be closer to the reference data. The anti-correlations, for
instance between Ba isotopes with masses lower than 144 and
Rb isotopes with masses lower than 93, have disappeared. This
example is representative of the full set of fission fragments calculated by GEF. As in the case of correlations for cross sections, models lead to strong (energy-energy) correlations due to their limited
degree of freedom, whereas the use of different sets of measured
cross sections lead to weaken the combined correlations. In the following, four distinct sets of updated GEF parameters are considered: one for each fissioning system (with different averages and
standard deviations).
The procedure was also applied for 238U (fast fission) and 241Pu
(thermal fission). As the independent fission yield uncertainties
from the reference library are not very different compared to the
ones obtained from GEF, the impact is minor, especially in the case
of 241Pu. For 238U, the GEF parameters were modified for as long as
twenty iterations, but the variations were modest compared to the
ones obtained for 235U or 239Pu. The impact of the updated fission
yields for these two isotopes will be shown in Section 5.
4.2. Cross correlation between fissioning systems
From the use of the GEF model and its parameters, there exist
theoretical correlations between the fission yields for a given fissioning system, but also between different fissioning systems. This
is not specific to GEF, but to the use of any models with same
parameter definitions for different target nuclei (see for instance
Pigni et al. (2011)). Similar effects are observed for correlations
obtained from theoretical calculations for cross sections or other
nuclear data quantities (e.g. fission spectra, particle emission).
These calculated correlations between fissioning systems have
their counterpart in experiments with the use of same normalization cross sections or neutron source.
From a practical approach, these correlations due to the models
are easily observed with the GEF code by fixing the seed of the random number generator to a determined value and to use the same
for each fissioning system. (leading to the same set of random
numbers for all the random calculations for 235U and 239Pu). An

U between Rb and Ba isotopes. Bottom: corresponding independent fission yields for Rb and Ba isotopes.
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Fig. 7. Correlations and cross correlations between the fission yields of
these fission products are ordered as in Fig. 5.

235

U and

239

example of such correlations is presented in Fig. 7 between 235U
and 239Pu for their independent fission yields induced by thermal
neutrons.
As observed, there exists some important correlations between
these two fissioning systems, later called in the text as crosscorrelation. They are not negligible and follow patterns defined
by the models included in GEF and their parameters. As shown
later, these correlations have an important effect for the uncertainty quantification of some quantities (such as isotope concentrations at the end of fuel irradiation).
5. Impact on keff and number densities
The impact of the original and updated fission yields and their
covariances are tested using a simple PWR pincell model. This
burn-up and depletion SERPENT model (SERPENT, 2015) is
obtained from the OECD/NEA benchmark from the Criticality
Safety group called ‘‘BUC Phase I-B” (Dehart et al., 1996). The fuel
type is UO2, 3.6% enriched and burned for 40 MWd/tHM. For the

Pu induced by thermal neutrons. The indexes indicates fission products numbers, and

main three actinides 238U and 239,241Pu, two set of calculations
are performed: (1) with the original GEF fission yields and (2) with
the updated GEF fission yields. In the case of 235U, same calculations are performed, but also using the updated fission yields from
the intermediate iterations, until convergence. All four isotopes are
separately randomly changed for each calculations and this Monte
Carlo uncertainty propagation method (defined as the TMC
method) is repeated about 500 times for each actinide. The results
are presented in Fig. 8 for keff uncertainties. Additionally, all four
fissioning isotopes are varied together, considering different correlation matrices.
In the case of 235U, the uncertainties on keff are decreasing for
the different iterations, to finally being stable from the 4th to the
latest update. As observed, the decrease of keff uncertainties can
be as high as 100 pcm (40%). It is interesting to observe that the
uncertainties are increasing with increased burn-up. A similar
trend was presented in Rochman et al. (2012), but other tendencies
were also calculated: flat behavior (Fiorito et al., 2016), or decreasing uncertainties (Leray and Ferroukhi, 2014). An understanding of

Fig. 8. Top: original and updated keff uncertainties due to the fission yields of the main actinides: 235U and 239Pu. Bottom: keff uncertainties due to 235,238U and 239,241Pu varied
together for different correlation matrices. The term ‘‘cross-correlation” refers to the correlation between the different fissioning systems, as shown in Fig. 7 between 235U and
239
Pu.
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the origin of these different shapes is difficult to obtain without
additional studies, since different methods, uncertainties and correlations were used in the mentioned references.
In general, as the updated GEF fission yields tend to reproduce
the ENDF/B-VII.1 yields and uncertainties, there is an important
change on the keff uncertainties if the reference yield uncertainties
are smaller than the GEF uncertainties. This is the case for 235U and
239
Pu where the uncertainties are reduced significantly. In the case
of 238U alone, the impact of its fission yields on the keff (both
updated and original) are in the same order of magnitude than
the statistical uncertainty, about 40 pcm. The effect of the updated
238
U fission yields is therefore not available with SERPENT (longer
calculations would be necessary, outside the possibility of this
paper), but stays relatively small compared to the effect of 235U
or 239Pu. The impact of the cross-correlations between the four fissioning systems is also noticeable in Fig. 8. The effect is equivalent
to 50 pcm at the end of irradiation. As shown later, the impact can
be stronger on number densities.
Concerning the number densities of the fission products, during
the irradiation and cooling time, their uncertainties are mainly
related to the independent fission yields of the considered fission
products and of its precursors. An example for the 151Eu fission
productis presented in Fig. 9. As for keff presented previously, the
case of cross-correlation between the fissioning systems (235,238U,
239,241
Pu) is also shown. These examples emphasize the importance of fission product uncertainties (see the differences between
the curves labeled ‘‘Original GEF” and ‘‘Updated GEF”), but also of
the considered correlations between the fission yields, as indicated
by the differences between the curves labeled ‘‘no crosscorrelation” and ‘‘with cross-correlation”.
6. Impact on decay heat benchmarks
The fission yields and their covariance information also have an
impact on quantities such as the decay heat, released after a pulse
of thermal or fast neutrons on the four mentioned actinides. Such
data were measured for these four specific systems and detailed
analysis can be found for instance in Fleming and Sublet (2015).
In the following examples, short pulses of irradiation were calculated with the gamma and beta emissions as simulated by the
FISPACT-II code (Sublet et al., 2015). The calculations were
repeated a large number of times, each time with different random
fission yields. Both original and updated GEF fission yields were
used.
Fig. 10 presents the results for a thermal pulse on 235U and
239
Pu. The decay data are taken from the JENDL-4.0 library and
are not randomly varied. As in the case of the fission yields from
the major libraries (Fleming and Sublet, 2015), the experimental

Fig. 9. Example of the impact of the cross-correlation between fissioning systems
for the number density of 151Eu.

Fig. 10. Top: decay heat from a thermal pulse on 235U calculated with FISPACT-II
and using the original and updated random GEF fission yields. The ‘‘Fiorito”
calculations come from Fiorito (2014). Bottom: same for 239Pu. The uncertainty
bands in the decay heat graphs are obtained from the original GEF calculations.

and calculated values are in good agreement. The uncertainties
obtained from the original GEF calculations are in general lower
than the measured uncertainties (Tobias, 1989; Dickens et al.,
1978). In the case of 235U the uncertainties from the updated fission yields are rather small, less than 1.5%, but are similar to the
ones reported in Fiorito (2014), also presented in the Figure. It is
interesting to remark than the same set of fission yields provides
an uncertainty on keff of about 0.15% at 40 GWd/tHM (see Fig. 8)
and of about 1% or less on the decay heat. If 0.15% on keff seems
reasonable, less than 1% on the decay heat seems a small value

Fig. 11. Example of decay heat correlation for the thermal pulse on 235U, varying
the fission yields obtained from GEF. Half of the matrix is presented as it is
symmetric. As previously, correlations are presented between #100 and +100%.
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compared to the experimental uncertainties. In the case of 239Pu,
0.1% on keff corresponds to 1.5% on the decay heat, which is a more
acceptable value. It should be noticed that the presented uncertainties (also in the case of Fiorito (2014)) include the effects of
the fission yields, but do not take into account the decay energy
uncertainties, decay branchings, half-lives, etc. These quantities
will certainly affect the decay heat results and increase the total
uncertainties.
Similar to Fig. 5, correlation for decay heat can be calculated due
to the variations of the fission yields. Such correlation matrix is
presented in Fig. 11. Strong correlations are present close to the
diagonal, and some islands of positive or negative correlations
can also be observed, for instance close to 5 ( 105 s(about 6 h)

and 2 ( 106 s (about 1 day).
These correlation islands can be related to specific fission products. For instance, the study in Fleming and Sublet (2015) indicates
the major isotopes responsible for the decay heat at 10 and 1000 s,
being respectively 93Rb and 95Rb. The fission yields of these two
isotopes are anti-correlated (with a correlation factor of #0.6)
and these strong anti-correlation is found again in Fig. 11 between
the decay times of 10 and 1000 s. If other major isotopes can be
identified for specific decay time, it is likely that their correlation
values between their fission yields are similar to the ones for the
decay heat.
7. Conclusions
This paper presents an application of the Bayesian Monte Carlo
method for independent fission yields. The theoretical models from
the GEF code are iteratively combined with reference fission yields
from the ENDF/B-VII.1 library for four fissioning systems: 235,238U
and 239,241Pu. In the case of 235U and 239Pu, the updated yields
and uncertainties are close to the reference ones, and correlations
between the fission yields are presented. This method allows to
provide existing fission yield libraries with covariances matrices,
combining different sources of information based on Monte Carlo
sampling. The impact of such updated yields and covariance matrices is shown on different applications, confirming that the fission
yield correlations play an important role and should not be
neglected. There is therefore a necessity to include a set of correlation matrices (as presented in this work, or a different one) in the
nuclear data libraries such as JEFF, JENDL or ENDF/B-VII. The present work provides new correlations for existing fission yields,
and can not replace a dedicated analysis performed together with
the evaluation of the library. The present method nevertheless provides a solution for practical applications.
In the future, some assumptions underlying the present implementation of the BMC method can be addressed, such as the independent and Normal sampling of the model parameters. An
interesting variation of the method would be to update the GEF
parameters based on the evaluated cumulative yields instead of
the independent yields. Finally, all the fission yields used in this
study are available on the TENDL-2015 website.
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